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STABILITY OF ANNULAR PLATES OF INHOMOGENEOUSLY AGEING VISCOELASTIC MATERIAL™

D.M. ZHUKOVITSKII

A thin~plate bending equation in a polar coordinate system is derived for
an inhomogeneocusly ageing material using. creep theocry. This eguation is
used to prove the sufficient condition forthe stability of annular plates
by an energy method. The case of rigid clamping of both plate edges and
compressive forces of dissimilar intensities along these edges is examined.
Stresses in the plane of the plate are estimated, whereupon a bound is
obtained on the compressible force in explicite form. An extension is made
to other kinds of plate support.

Equations for the deflection and sufficient conditions for the
stability of inhomogeneously ageing viscoelastic rods were obtained
earlier in the one-dimensional case /1/.

1. Formulation of the problem. The strain of an annular plate of constant thick-
ness h and radii R, and R (R, < R) fabricated from an inhomogeneously ageing viscoelastic
material is considered. We introduce a cylindrical system of coordinates QOrgz with origin
at the centre of the middle plane of the plate in the undeformed state and the (z; axis
perpendicular to this plane.

We assume the modulus of instantaneous elastic strain E and Poisson's ratio v of the plate
material to be constant and a load consisting of a transverse distributed load of intensity
g (r, ¢) and compressive forces of intensity p, and p on the inner and outer edges of the
plate, respectively, to be applied to the plate at the time ¢ =0. We let p (r, ¢} denote
the growth of an element of viscoelastic plate material in the neighbourhood of a point with
the coordinates r, @ at the time of application of an external load, and L is an operator
governing the ageing properties of the material, i.e., /1/

t

Lwt, (p):SL(t—{—p(r. q) THp(r @Yw(t, 1 @)dr

[

where L (i,t) is the creep kernel. The inverse operator to [ + L is denoted by I — N: I —
N = (I + Ly', where the operator N has the same form as the operator L and governs the
relaxation property of the material; the integrand N (t,t) is called the relaxation kernel.
Let the following properties of the creep and relaxation kernels be satisfied.
1©. Functions L, (¢, 1), N, (t, 1) exist such that for any (r, ¢) & [Ro, R} x [0,2 1], t = (0, 1]
the inequalities

0L LE+o(, ¢ t1+p )<L, 1), 0 NG
p(roe, T+ plr @) TN @)

are satisfied.
t
2°. | Ly | =sup; { Ly (8, vyde < =, [ Ma]<1
0

39, A function N, (i, 1) exists for all &> 0 such that starting at a certain time
to =1, (8) >0 for all tZ=t1>1t,

*prikl.Matem.Mekhan.,49,1,148-155,1985
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t
(max,, o[ Nt +p(t @k T+ @)= Nolts 7)|dr<e
1s
We let N,'denote the operator generated by the function N, (¢,t) and L, the correspond-
ing operator determined from the relationship I — Ny = (I 4 Ly)™.
The Liapunov stability of a plane in an infinite time interval is that small perturbations
of the initial plane state result in small values of the deflection w(t, r, @).

Definition. Let w(t, r, ¢) be the deflection of the plate middle surface, and gq(r, ¢)
the transverse load acting on it. The plate is called stable if for any € > (0 there is a
8§ =26() >0 such that if only supg |g(r,¢) |<<$, then sup,maxo jw(t, r, ) |<<e where Q is

the domain of coordinate variation.

We determine the sufficient conditions for stability of the plate under consideration,
for which both edges are rigidly clamped. To do this, we first derive an eguation for the
deflection w. Later we estimate the deflection w by assuming the problem of determining
the stresses in the plate to be solved in terms of the compressive forces py, p. On the
basis of this estimate we obtain the desired conditions. By deriving a constraint on the
norm of the stresses in temrms of pg, p and using these conditions we obtain the critical
value for the compressive forces.

2. Equation for plate deflection. &Let o, 04, 6,¢ be the stress components, and
€,, &, €r¢ the strain components in the system of polar coordinates. We denote the partial
derivatives by the symbol §,, where the subscript shows with respect to which variable these
derivatives are taken (k =r, ¢). The rheological relationships for the material described
can be obtained in the form /1/

o, = [E/1 — ¥)] (I — N) (e, + ~veg), 0,0 = [E/2 + 29)] (] — (2.1)

N) e
o = [E/(1 — )] (I — N) (e + ver)
The strains are expressed in terms of the deflecticn w and the distance z between points
of the plate and its middle surface as follows /2, 3/:
& = —20,,%w, & = —223, (rr1d,w) (2.2)
gg = —z (r10, w + %, w)

If h is the thickness of the plate, then the bending moments M, M, and the torque M,,
will be

hj2 h2 h'2
M, = S o,zdz, My= ( o¢zdz, M, = S Or2dz (2.3)
_hre —hje —hi2

In addition to the transverse forces, compressibe forces will also act on the plate in
the case under consideration. The stresses originating here in the plane of the plate will
produce an "additional" transverse force. Using the equilibrium equation for a flat plate,
we can show /4, 5/ that this force (we denote it by F (¢°, w)) is described by the expression

F(0°, w) = h[8,(0,°8,w) + 8, (0,7 0w) + 0,7 6w + {2.4)
r18, (0,¢°8w) + r718,(0,°r8qw) + 0y 0w

We multiply all the relations (2.1) by z and integrate with respect to z between —h/2
and  4h/2. Taking account of (2.2) and (2.3), we obtain

M,=—D (I — N)m,, m, = 8,;w + vr"18w + vr~28g,%w (2.5)
M¢=—D{I — N)mg, mg = v8,,2w + r 18w + r2f,,%w

My = =D (I — N)mw, meg = (1 — ¥) (r18,5%w — r~26,w)

D =ER[12(1 —v))?

where D is the cylindrical stiffness of the plate.
The equilibrium equations of an element of a circular plate will be /2/:
for the moments

8 tM;) + 6eMrg — My — 1@, =0
6, rM,) + 8¢My + Mg —1Qq = 0
for the vertical projections of forces

5r (rQr) + 6!&0@ + r[q (r, <P) + F(0°, IU)] =0

Eliminating the transverse forces @, and @; from these equations, we obtain the
equilibrium equation in terms of moments
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8,3M, + 2r738, M, + 2r718,¢3M,, — rg,.My +
2r0cM g + 1?8’ Mo + g (7, @) + F (0%, w) = 0
We substitute the expression (2.5) here. Extracting components for the identity operator
I we obtain

DAAw + DG (=N, w) =g (r, &) + F (¢°, w) (2.6)
G (=N, w) = 8,,* (—Nm,) + 2r"%8, (—Nm,) + 2r™18,;}(— Nmyq) -+
2r g (—Nmw) — 1728, (—Nmg) + r™3854% (—Nmy)
(A is the Laplace operator in polar coordinates).

3. Estimate of the deflection w(, r, ¢). From the relationship between the creep
and relaxation operators we obtain

=No=( + L)' — I = — (I + Lo)7'L,,
—N=@No—N)—=No=(Ny —N) — (I + L)L,

Substituting the latter expression for ) into (2.6), we will have

DAAw + D (I + L) G(No— N, w) = (I + Lo) lg (r, ¢) + F (c°, w)] (3.1)
The rigid clamping of the plate edges will yield boundary conditions for the deflection
w as
wit,re =08w(, r,g)=0 when r=Ry, B; V1 >0,9=Q (3.2)
The action of the compressive forces is written analytically in the form
0,° (t, Rgy, ©) = —p, 0,° (¢, R, 9) = —p (3.3)
" (t, Roy @) = 05" (1, R, @) =0, Vi >0, 0= Q

We will assume that an estimate of the stress tensor ¢° is known from (2.4) in the norm
under condition (3.3) i.e., an estimate of the quantity

H0° Ik = §§ (0,°% + 20,6 + 0% do (3.4)

Here and henceforth, the double integral is understood to be integration over the plane
of the undeformed plane in polar coordinates, i.e., over r between R, and R and over ¢
between O and 2m; do = rdrde.

We multiply (3.1) by w (¢, r,9) and integrate by parts. Because of (3.2) and the con-
tinuity and uniqueness in ¢ for the deflection function w (¢, r, @) and all its necessary
derivatives, the integrals originating along the boundary vanish. We finally have

{§ (Aw)do = (I + Ly) {§ (N — Ng) (W, W) do + (3.5)
v (I + Lo) §§ (V — No) (W, Wy)do + kD™ (] + L) x
§§ l—o0)8wd,w, + (—0,7) (Sawr 8w, + 1718 wd,w,) +
(—04°) r28wbyw,] do + D71 (I + L) §§ wedo

W = (5, 2w, V2 8,.w — 1V 2r 8w, rdw + r%eq*w)

w=uwlr o), w =w{r 9

W,= W (1), W, is a vector with components of the vector W, taken in reverse order and with
a minus sign for the second one, and (W, W,) is the scalar product (i =1, 2).
Let | W | denote the modulus of the vector, |wlf the integral of w squared with respect

to Q,lwil*® the integral of the sum of the squares of the i-th derivatives (i = 1,2), and [,

is the j-th component of the right side of (3.5) taken in absolute value (j =1, 2, 3, 4).
We will estimate the right side of (3.5). To do this we use the following inequalities:
Cauchy | (W, W,)| < |W||W,|, Cauchy-Bunyakovskii |, w):|<<Nwlllw,lla (/6/, p.45 and 135),

Bernshtein |jwil, <[l Aw] (/7/, p.39), Friedrichs-Poincaré [wl|<C @ lwl (/8/, p.62),
written in the polar coordinate system, and also the inequalities
=2 (r 18, — r%w) (r28,w; — i) <
e (F18, P ~— r2,w)? + 7 (P8, %w; — r28uw)?
82w (r 8w, —+ r7%0¢q%w,) <L Ve (8,2w)? 4 (28)t (M, +
78y hwy)?
(r 28w + r 8¢t w)8, 2w, < Y (8w -+ ro8, )t +
(2e)71 (8, "w)*
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Separating the integral with respect to time into two (from O to i, and from t, to ¢},
and using the properties 19—30, we obtain the estimate

L<IlAaw (A 4+ [ Lo DICINy [+ [N DI Zi 1 + ol Ze 1)
Ii<ellAw|PYw (L + [Lo D[N [+ I No D) +

vey (A 1Ly DICIN, |+ [ No DHZ |I® + &0l Z, 11 %]
Z, =sup: [W(t, r, 9)]

Similarly, following the Mikhlink's reasoning (/9/, p.185) we have
I, <h1a |, DA H (4 + | Lol &w | + k| o® |s @DN2 (4 + | Lo |) || Ay It
Here

A = inf, §] wAAwde {§§ [(8,w)® + (" Bw)lde) {(3.6)
J6°|s = supcllo® |, 0 Tt <2

Finally, after double application of the Friedrichs-Poincare’ inequality we obtain
I <eC Q) @DY A + [ Lo DIl Awl® + @De) (1 + | Lo Dligll?

The constant ( (R) depends only on the domain over which integration is taken. There
is no sense in writing it down explicitly, mainly, it is a bounded constant. Because of e
the value of this same term can be made as small as desired. We discuss below the selection
of ¢ and g, in the estimate [,.
Substituting the estimates obtained for the integrals J; into (3.5), we have
AJAw|f - Bl Aw| —C <10 (3.7
A=1—hloe® |, @DN (U + | Lo ) —
el 4+ [ Ly Moy (| Ny |+ I No ) + € (Q) @2D)7Y],
B=(0+ Lo DIIN, |+ INo DIIZs, | + &0ll Z}]]
C="n]|6" |, (2DM (I + Lo )|l Aw, P + (2De)™* (1 +
[Lo DI gIF +v Q)1 (1 + | Lo DI Ny | +
[ No DIl Ze, Il + &olIZ¢ ]

The constants e and g, are selected in such a manner that the magnitudes and signs of
the expressions A, B and C were determined by terms that do not contain & and g,
Let hio® (4 +{Lo|)y)D =a. 1f 1 —a/(2M) >0, i.e. A >0, then we have from (3.7)
|| Aw]] <7 B/A + (C/A)" (3.8)
According to the Bernshtein inequality /7/ we obtain || Z, || < supjAw, | for 2Z,. Then
taking account of the inequality (a + b)' <{a%s + b4 for g4, b> 0, we have

BIACHUH|Lo DN I+ INVANZ, ) 804 +
| Ly [)/4 sup: || Aws ]

(C/AY" - [a/(2AA) 4 eqv (1 + { Lq )/(2e4)]"s sup. || Aw, [} +
VA A+ Lo DUNL T+ TNy ReA) || Z, || + (4 +
| Lo )/2ADe): || g

or introducing the notation

BIA < Cal| Zy, || + eoda sup< | Aw, (|
(€AY < Apsupe|| Aw || + Coll Z,, |l + Byl gl

Taking account of the last inequalities, we write condition (3.8) in the form
HAw]| < (A; + goda) sup< || Aw |l + Byl gl + (€1 + Co)ll Z.. |l
Since this inequality is satisfied@ for all ¢t >0, we can then obtain
(1 — A, — eody) supc |l Awy || < Byll ) + (€, + Cadl] Zofl (3.9)
Theorem. Let conditions 1°—3° be satisfied for problem (2.6), (3.2). Then if 1~
[a/(204)): > 0, it follows that condition (3.9) assures Liapunov stability of an annular plate.
Proof. The max |w ] enters the stability definition while an upper bound is obtained

for || Aw||. Therefore, it remains to find the quantity || Aw]|| as an upper bound for max |w |.
For finite functions we obtain the ineguality (/8/, p.84)

maxg |w | < C (R)[| D' |lm, 0, Im > n (3.10)
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In the case under consideration, any support on the plate (no free edges) means that
w=0 on the plate boundaries, i.e., the deflections w are finite functions. Furthermore,
n is the dimensionality of the space and equals two (the plane case), ! is the order of
differentiation, alsoc equal to two, and integration in all the calculations was performed
with the square (the norm was taken in L,),i.e., m =2 also, therefore, inequality (3.10)
is satisfied. Here ( (Q) is determined over the domain of integration, i.e, over the plate
dimensions. Finally, having used the Bernshtein inequality /7/, we obtain maxq |w | < C (D),

I Aw . This and (3.9) ensure Liapunov stability of the plate under consideration.
The condition of the theorem determines the constraint on the compressive forces since
A>a follows from 1 — [a/(2h4)]" >0, or

el < 1o® s <DAIR (1 + | Lo DI (3.11)

Remark. To clarify the meaning of the parameter ) in (3.11), we turn to (3.6). The
Cauchy-Bunyakovskii inequality /6/ yields
S 1(8rw)? + (r18gw)?] do < {n (R* — Ro?) W [(6pw)2 = (18w dw)s

By hence deriving the inequality for the inverse quantities, we obtain
A < [0 (B2 — R infy, §§ wAAwdo (W) [(Br0)2 + (m38,w)?] do} = A [n (R® ~ Re)J's

A, is the least eigennumber of the corresponding elastic problem. On the other hand, A>0.
Indeed, by virtue of /8, p.84/ and the Friedrichs-Poincare” inequality a constant C,>>0 exists
dependent only on the domain Q such that :

(8§ [(Brw)* + (18, w)] do}”s < €5 1\ (Aw)? do
This indeed proves that i>0.

4, A priori estimates of the stresses in a ring. If the plate deflection is
zero, then a state of stress and strain is realized that is characterizable by tlie stress
tensor ¢° from (2.4). The equilibrium equations of a plate element in this case will have
the form /2/

8, (r0,%) + 8,0,s° — 0¢° = 0, 6, (roy°) + 8,0¢° + 06" =0 (4.1)

Relationships (3.3) will be their boundary conditions.

We will estimate'||¢°}| in terms of p, and p. To do this ||6°|] will first be estimated in
terms of ||e°]l, and then |/€°] in terms of p, and p. The first estimate is obtained by sub-
stituting the stress tensor components :

He®lf = E{ + v+~ + v el

=10 = N) & + 20,° (I — N) e%g + 0° (I —
N) &°] dwi

o' = I§ (0° + o’ do = E (4 — ¥ [[ (0" +
a’) (I — N)(e,° + &°) do

into [|6°]] of (3.1).
Hence taking account of the inequality
(1 —v) @+ e P <o —v A+l =E W+ vV,

we obtain as above
[0 s < E(d — ) (1 + [Ny D) 1€ s, [€° |5 = sup, || e} (4.2)

We will now estimate |e°|, in terms of p, and p. We let uf(, T ¢) denote the radiél
and vy (¢, r, 9) the arc displacements of points of the plate. We multiply the fiz:'st equation
in (4.1) by u, the second by p, add and integrate over the domain . Integrating by parts
taking (3.3) into account, we will have

(0°, &%) = {§ (0,%,° + 20,°8,6° + 04°8¢°) do = J,

(e, = S:u, 25rq° = T—llscp u + 6,v — iy, stﬁo =r"u + r'léuv)
2n

Ji=— { [pRu (R)— poRwu (Ro)] do

o
Replacing the stress tensor components here by formjlas (2.1), we obtain

Jt== (1 — v} ] (&°F + 26,2+ &%) do + v §§ (6° + 8°) do = {4.3)
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(1 — ) §§ (e,°Ne,® + 2e,0°Neyw® + 8,°Neg®) do +
v il (&° + e°) N (e,° + &) do + (1 — %) B/,
We convert the quantity J, as follows:

= J

R R
Ja=— S [(PS"'PO )(5fu + r“u)rdr] dop =

[ L]

o

R.
—2§ {[p§ +@—p0 ] @m +rtu 4 r18) r dr} do =
[ Re 'y
235 By
—pSS{sr"-}-sJ) do — (p— po} S S(sr°+e¢°)rdrd<p
o0

Then according to the Cauchy-Bunyakovskii inequality, we can obtain from (4.3) that

13 .
<INt v de + BT — W) )L )

[}

E=pR*—R*+ |p~—pol R
Taking account of the inequality J2> (1 — v)|{ e°{| * we will hence have

A — [N, D1e s <+ v) BT (2a)/
Together with (4.2) this yields the estimate

[ h<P=Qu):(t +v U+ [N DA =Y - NI (4.4)

Using {4.4) to estimate [, from (3.5) and the result of the theorem, we conclude that
the plate will be stable under the following condition on the compressive load:

P<DAMR( + | Ly | )l (4.5)

Remarks. 1°. If the plate material possesses just the properties 10—20, then con-
ditions (3.11) and (4.5) take the respective form

oi<lo® s S DM — [N, D, P DAL — [ W, ])

To prove this fact (2.6) is used.

2°, The stability conditions (3.1l) and (4.5) obtained retain their form even for other
kinds of plate support. Only the parameter A is found from (3.6) with boundary conditions
corresponding to the kind of support.

3°, We assume that the plate is loaded in such a manner that the stresses within it are
constant /2, 3/. Then the stability conditions are simplified and have the following form,
We let Ay — A, dencte the minimal eigenvalues of the boundary value problems

AAw + Mw = 0, AAw + A2 w =0
AAw + A (0w r“”cSW2 w) = 0, AAw 4~ 2A8, (r28gw) = 0

with boundary conditions corresponding to the kind of support. If g0 = Gy’ c,w°= 0, the plate
is stable for |o°|<f(h); if o =0, =0, it is stable for |o°I< /() if o =g, =0, it
is stable for |o’| </ if 6°=o0"= 0, it is stable for 1 0,0° 1 << F (M) Here f(A)=Dr[h {1 +
P LT

For |L,|=0 and p,=p the conditions obtained agree with the stability conditions for
elastic annular plates /2/.
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POST-CRITICAL BEHAVIOUR OF A LONGITUDINALLY COMPRESSED ROD FOR
RIGID LIMITATIONS ON THE DEFLECTION”

E.I. MIKHAILOVSKII, V.N. TARASOV and D.V. KHOLMOGOROV

An approach based on the application of optimization methods is developed
for determining the state of stress and strain of bodies and structures
with given limitation on the displacement. A model problem of plane
lengitudinal bending of a hinge-supported rod is considered with rigid
limitations on the deflection. An analytic solution is obtained for this
problem that extends a well-known solution to the non-linear case /1/.
Then, by applyiny the Ritz method to a variational problem and replacing
the continucus by discrete limitations, the variational problem is trans~
formed intc & non-linear programming problem. The results of numerical
computations are in good agreement with the analytical solution. B2 simple
proof is given for the complete adjacency hypothesis used to obtain the
latter. The mechanism of the formation of the multiwave bending mode as
the axial compressive force increases, described in /1/, is confirmed

by a numerical experiment.

The problem under consideration is interesting in connection with
the need to reveal the stable dynamic bending modes of drilling tube
columns in a borehole. One of the methods of solving this problem is
based on assumptions about the nature of adjacency of the column to the
borehole wall or about the column bending mode. An investigation of the
shape of a cambered axis using assumptions of complete adjacency is made
in /2/.

We consider the plane bending of a longitudinally compressed rod located initially aleng
the axis of a cylindrical cavity {(the radius is A == comst) with absolutely rigid walls. Let
the hinge-clamped ends of the rod remain on the cavity axis during deformation while the
longitudinal compressive force P retains its magnitude and direction. Under such agsumptions,
the determination of the plane bending mode of the rod reduces to solving the following
variational problem

:

Hw]= SL‘(w', w'yds~> min S
h s

wiy=w(l)=0, v (0) =u"()=0

(£t un =B e — P (1Y T

where w, w' and w* are the deflection function, and its first and second derivatives with
respect to s, EI is the rod bending stiffness, and | is the rod length.

Furthermore, we assume the force P to be greater than the first critical force (P> P,Ms==
a®EI/I®) and greater than the force for which the rod would touch the wall. We assume here
that the rod abuts completely on a cavity wall at a certain middle part of length [, =1 i;ZZ;
(Fig.1). We call this assumption the hypothesis of total adjacency. When there is a section
of total rectification, the determination of the deflection at each of the curvilinear sections
(from the hinged end to the first point of tangency) reduces to solving the variational problem

4
jL{w’, w"y ds—> min (2)
° w, 4

under the boundary conditions

w(0) =w (0) =0, w(l) = A w &) =0
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